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1. Introduction. The goal of this paper is to prove global existence of solutions to 
quadratic quasilinear Dirichlet-wave equations exterior to a class of compact obstacles. 
As in Metcalfe-Sogge , the main condition that we require for our class of obstacles is 
exponential local energy decay (with a possible loss of regularity). Our result improves 
upon the earlier one of Metcalfe-Sogge j22| by allowing a more general null condition which 
only puts restrictions on the self-interaction of each wave family. The nonrelativistic 
system that we study serves as a simplified model for the equations of elasticity. In 
Minkowski space, such equations were studied and shown to have global solutions by 
Sidcris-Tu I2Sj, Agemi-Yokoyama m, and Kubota-Yokoyama |18| . 

The null condition we use here is the natural one for systems of quasilinear wave 
equations with multiple speeds. Following an observation of John and Shatah, this null 
condition is equivalent to the requirement that no plane wave solution of the system 
is genuinely nonlinear (see John JI], p. 23 for the single-speed case and Agemi and 
Yokoyama U for the multi-speed case). In order to allow the more general null condi- 
tion, instead of just exploring a coupling between a low order dispersive estimate and 
higher order energy estimates as in Metcalfe-Sogge |221j we must first develop a low order 
energy estimate and couple this with a low order pointwise estimate on the gradient and 
higher order energy estimates. Thus, our approach is a blend of the ones using pointwise 
estimates based on fundamental solutions (see e.g., ^HIj and 

ones using more refined energy estimates for lower order terms (see, e.g. 0, [23; |28j . 
\29\). As in the approach first developed in weighted space-time estimates for 
lower order terms will also play a key role in our arguments. 

We will be using an exterior domain analog of Klainerman's commuting vector fields 
method • Here, we have to restrict to the collection of vector fields that are "admissi- 
ble" for boundary value problems, {Z,L}, where Z denotes the generators of the spatial 
rotations and space-time translations 

(1.1) Z = {d^, Xjdk - Xkdj, < i < 3, 1 < j < /c < 3} 
and L is the scaling vector field 

(1.2) L = tdt+rdr. 
Here and in what follows, r = \x\, and we will write 

(1.3) flij — Xidj — Xjdi, 1 < i < i < 3. 
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The generators of the hyperboUc rotations, Xidt + tdi, have an associated speed and the 
coefficients are unbounded on the boundary of the obstacle, and thus, they do not seem 
appropriate for the problem in question. 

In Minkowski space, since [{df — A),Z] = and [{df — = 2{d^ — A), we see 

that Z and L preserve the equation {df — A)u = 0. This is no longer the case in the 
exterior domain since the Dirichlet boundary condition is not preserved. For the vector 
fields Z, since their coefficients remain small in a neighborhood of our compact obstacle, 
this is fairly easy to get around. On the other hand, since the coefficients of L are large 
near the obstacle as t — s- cx), we must stick to estimates that require relatively few of the 
scaling vector field. 

As in UBj, [m, we will use weighted L^L^ estimates where the weight is just a negative 
power of (.t) = (r) = vT+r^. These estimates are useful for handling the lower order 
terms that arise in the study of such boundary value problems. They permit us to use 
pointwise estimates for linear, inhomogeneous wave equations with 0{{x)~^) decay rather 
than the more standard 0{t~^) decay which is more difficult to prove in the obstacle 
setting. Additionally, such estimates allow us, as in to handle the boundary terms 
that arise in the energy estimates if the obstacle is no longer assumed to be star-shaped. 
Here we exploit the fact that we are studying equations with quadratic nonlinearities. 

Additionally, we will be developing exterior domain analogs of a class of weighted 
Sobolev estimates. The weights here will involve powers of r and {t — r). Specifically, 
we will be looking at estimates of Klainerman-Sideris |17j and Hidano-Yokoyama [H]. 
We would additionally like to mention the works of Hidano , Kubota-Yokoyama ^Hl , 
Sideris |^|2H1) and Sideris-Tu [221 where similar estimates were used for the boundaryless 
case. 

At this point, we wish to describe our assumptions on our obstacles /C c M^. We 
shall assume that K, is smooth and compact, but not necessarily connected. By scaling, 
without loss of generality, we may assume 

JCdixeR^ : \x\< 1} 

throughout. The only additional assumption states that there is exponential local energy 
decay with a possible loss of regularity. That is, if m is a solution to Ou = with Cauchy 
data u(0,x), dtu{0,x) supported in < 4, then there must be constants c, C > so 
that 

(1.4) (f \u'it,x)\'dx] <Ce-^* ^ ||9,"«'(0,.)|l2. 

\J{xeR^\K:\x\<i} J 

Here, and throughout, we are taking d — Vt,x to be the space-time gradient. 

We note that we do not require exponential decay; in fact, 0((1 -I- t)~^~^) may be 
sufficient with a tighter argument. For simplicity, we will assume ()1.4|) . Currently, the 
authors are not aware of any 3-dimensional example that involves polynomial decay, but 
does not have exponential decay. 

Notice that if the obstacle is assumed to be nontrapping, then a stronger version of 
(|1.4|) holds where a = on the right side (see, e.g., Morawetz-Ralston-Strauss j^). If 
there are trapped rays, it was shown by Ralston |^ that (|1.4|) could not hold without a 
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loss of regularity £ > in the right side. We will assume throughout that £ ~ 1. This can 
be done without loss of generality since if £ > 1, interpolation with the standard energy 
inequality will yield H1.4() (with a different constant c). In fact, we could take £ = 5 for 
any S > 0. 

Ikawa [S] , 20] showed that there was such exponential decay of local energy for certain 
finite unions of smooth, convex obstacles with a loss £ = 7. In particular, using Ikawa's 
result, we have (|1.4|l for two disjoint convex obstacles or any number of sufhciently sep- 
arated balls. 

For such smooth, compact obstacles K, C M'^ satisfying H1.4|l . we shall consider qua- 
dratic, quasilinear systems of the form 

' Du = Q{du, cPu), (t, e M+ X M?\1C 
(1.5) \u{t,-)\aK = 

_u(0, •) = /, dtu{Q,-) = g. 

Here 

(1-6) □ = (□,,,□,,,...,□,„) 

is a vector-valued multiple speed d'Alembertian with 

□ = - A. 

We will assume that the wave speeds c/ are positive and distinct. This situation is 
referred to as the nonrelativistic case. Straightforward modifications of the argument 
give the more general case where the various components are allowed to have the same 
speed. Also, A = 9^ -I- 19| -I- 19| is the standard Laplacian. Additionally, when convenient, 
we will allow xq = t and Oq = dt- 

We shall assume that Q{du, dPu) is of the form 
(1.7) Q\du,(fu) = B\du)+ B'Jfdiu^djdkU'\ 1<I<D 

0<j,k,l<3 
1<J,K<D 

where B^ [du) is a quadratic form in the gradient of u and B^^f^ are real constants 
satisfying the symmetry conditions 

To obtain global existence, we shall also require that the equations satisfy the following 
null condition which only involves the self- interactions of each wave family. That is, we 
require that 



(1.9) whenever f - - C| - = 0, J=1,...,I?. 

0<j,fe,i<3 



To describe the null condition for the lower order terms, we expand 
B\du) = Y A^jfdjU'^dku'^. 

1<J,K<D 
0<j,k<3 
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We then require that each component satisfies the similar nuU condition 

(1.10) J2 ^jf^i^k^^ whenever ^ _ ^2 _ ^2 _ ^2 ^ J^1,...,D. 

0<j,k<3 J 

In order to solve H1.5|l we must also assume that the data satisfies the relevant com- 
patibility conditions. Since these are well-known (see, e.g., |E]), we shall only describe 
them briefly. To do so we first let JkU = {d"u : < |a| < fc} denote the collection 
of all spatial derivatives of u of order up to k. Then if m is fixed and if u is a formal 
H™' solution of H1.5|l . we can write dfu{0, ■ ) — 'ipk{Jkf, Jk-19), < k < m, for certain 
compatibility functions tpk which depend on the nonlinear term Q as well as Jkf and 
Jk-ig- Having done this, the compatibility condition for (|1.5|) with {f,g) S iJ™ x 
is just the requirement that the tpk vanish on dK, when < A: < m — 1. Additionally, 
we shall say that (/, g) e C°° satisfy the compatibility conditions to infinite order if this 
condition holds for all m. 

We can now state our main result: 

Theorem 1.1. Let K, he a fixed compact obstacle with smooth boundary that satisfies 
(|1.4(l . Assume that Q{du,d^u) and □ are as above and that {f,g) G C°°(M'^\/C) satisfy 
the compatibility conditions to infinite order. Then there is a constant So > 0, and an 
integer N > so that for all e < Eq, if 

(1.11) 5] II < x >H + J2 II <:^>'+l"l 9^9112 <e 

|q|<JV |Q|<Ar-l 

then (|1.5|l has a unique solution u G C°°([0,oo) x R'^\/C). 

This paper is organized as follows. In the next section, we will recall some energy 
estimates from |22| . In §3, we will gather the pointwise estimates that we will require. 
In §4, we will collect some Sobolev-type estimates. Included are some bounds on the null 
forms which are exterior domain analogs of those from and [211 • Finally, in §5, we 
will use these estimates to prove the global existence theorem via a continuity argument. 

2. Estimates. In this section, we will recall some estimates of related to the 
energy inequality. Unless stated otherwise, the proofs of the following results can be 
found in |^. Specifically, we will be concerned with solutions u E C°°(M-|- x M^\/C) of 
the Dirichlet-wave equation 

{D^u = F 
uU = 
w|t=o = /, dtu\t=o = g 

where 

D 3 

{a^uY = {d^ - cjA)u' + l"'^Ht,x)djdkU-^, 1<I<D. 

J=l j,k=0 

We shall assume that the •y^-^'i'^ satisfy the symmetry conditions 

(2.2) yJ^Jk ^ ^Jl.jk ^ ^IJ.k] 
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as well as the size condition 

(2.3) E \h"-"'it^^)\\oo<5 

I,J=lj,k=0 

for S sufHciently small (depending on the wave speeds). The energy estimate will involve 
bounds for the gradient of the perturbation terms 

ll7U-)lloo= J2 E \\dn"-'Ht,-)\\oo, 

I,J=lj,k,l=0 

and the energy form associated with eo(u) — where 

3 

(2.4) e',{u)^{dou'f + Y,cj{dku')' 

k=l 

_D 3 D 3 

+ 2 E E dou'dku-' "EE ^"''''dju'dkuJ. 

,7=1 fc=0 J=l i,fc=0 

The most basic estimate will lead to a bound for 

» M 

EM{t) = EM{u){t) = / Yeo{dlu){t,x) dx. 

7=0 

Lemma 2.1. Fix M = 0, 1, 2, ... , and assume that the perturbation terms ^^'^'i^ are as 
above. Suppose also that u S C°° solves (|2.1I) and for every t, u{t, x) — for large x. 
Then there is an absolute constant C so that 

M 

(2.5) d^E\',\t) < CY,\\n,diu{t, ■)h + C\W{t, ■)\\^Eli'{t). 

7=0 

Before stating the next result, let us introduce some notation. If P = P{t, x, Dt, D^) 
is a differential operator, we shall let 

[P,7''5fc9,]u= J2 E mi'^'^'dkOiWl 

l<I,J<D0<k,l<3 

In order to generalize the above energy estimate to include the more general vector 
fields L, Z, we will need to use a variant of the scaling vector field L. We fix a bump 
function rj G C°°(M^) with r]{x) = for a; e /C and ri{x) = 1 for |a;| > 1. Then, set 
L = r]{x)rdr + tdt. Using this variant of the scaling vector field and an elliptic regularity 
argument, one can establish 

Proposition 2.2. Suppose that the constant in (|2.3|l is small. Suppose further that 

(2.6) •)lloo<'5/(l+i), 
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and 



(2.7) J2 (\\L^dia^uit,-)h + mdi,j'^'d,dMt,-)h 



fJ.<Uo 



where Nq and vq are fixed. Then 



j+l-L<No+vo 

/i<l/0 



1/2 



(2.8) \\L^d'^u{t,-)h 

\a\+ij.<No+vo 

<C Wd''Uu{t,-)\\2 + C{l+ty^ Y ( f eo{L^'^iu){Q,x)dx 

+ C{l + t)'''U Y \\L''d"au{s,-)\\2ds+fH,„^No{s)ds) 

•'^ \a\+^i<Na+ya-l "'0 

l-l<Vo~l 

+ C{1 + 1)^' f Y \\L^d"u\s, ■ )|U.(|.|<i) ds, 

fi<uo-l 

where the constants C and A are absolute constants. 

In practice H^g^Ng{t) will involve weighted norms of |L''(9"m'P with /i + |a| much 
smaller than Nq + vq, and so the integral involving Hi^g^N^ can be dealt with using an 
inductive argument and weighted L^L^ estimates that will be presented at the end of 
this section. 

In proving our existence results for (|1.5(l . the key step will be to obtain a priori L^- 
estimates involving L'^Z'^u' . Begin by setting 

(2.9) >lvo,.oW = J Y eo{L^Z"u){t,x)dx. 

q|+P<A'o+i'o 

We, then, have the following proposition which shows how the Lf^Z^u' estimates can be 
obtained from the ones involving L^9"m'. 

Proposition 2.3. Suppose that the constant 5 in ^2.'6\ is small and that (|2.()|l holds. 
Then, 

(2.10) dtY^,^,, < CY^^/^l^ Y ll°7i^^"«(i, •)ll2 + C||7'(t, Olloo^^o.^o 



|q|+M<-'Vo+''o 

tJ.<Uo 



C Y ll^^5""'(^--)lli^(N<i)- 



\a\+tj.<No+vo + l 
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As in ^3] and ^] we shall also require some weighted L^L^ estimates. They will be 
used, for example, to control the local norms such as the last term in (|2.10|l . For 
convenience, for the remainder of this section, allow □ = 9^ — A to denote the unit speed 
d'Alembertian. The transition from the following estimates to those involving H1.6|l is 
straightforward. Also, allow 

St = {[0,T] X R^\IC} 
to denote the time strip of height T in R+ x R'^\/C. 

We, then, have the following proposition. 

Proposition 2.4. Fix Nq and i>q. Suppose that IC satisfies the local exponential energy 
decay H1.4|l . Suppose further that u g C°° solves (|2.1|l and u{t,x) = /or t < 0. Then 
there is a constant C = Cno,uo.k so that if u vanishes for large x at every fixed t 

(2.11) (log(2 + r))-i/2 ^ II < X >-i/2 

\a\+ii<No+vo 

<c£ \\aL'^d"u{s,-)hds + C ll°i'^a"u|U.(s,) 



\a\+fj.< No+iyo + l \a\+fj.<No+iyo 



and 



(2.12) (log(2 + T))-i/2 \\<x>-"^ L^^Z'^u'WL^Sr) 

\a\+ti<No+vo 

<C r Y \\aL^'Z"u{s,-)hds + C Y \\^L^Z"u\\L2iS^y 

° \a\+ii<No+i^o + l \a\+ii<No+i^o 

To be able to handle the last term in (|2.8|l . we shall need the following. 

Lemma 2.5. Suppose that (|1.4() holds, and suppose thatu G C°° solves (|2.1|l and satisfies 
u{t, a;) = for t <Q. Then, for fixed Nq and vq and t > 2, 



(2.13) Y •)llL^(|x|<2)ds 

\a\+t^<No+i^o ° 

<C Y f if Wd^Uu{T, ■ )||L^(||.|-(.-r)|<10) dT\ ds. 

3. Pointwise Estimates. Here we will estimate solutions of the scalar inhomogeneous 
wave equation 

' {dl - A)w{t, x) = F{t, x), (i, x) eR+x R3\/c 
(3.1) lwit,-)U^O 

w{t,x)=0, t<0. 

If we assume, as before, that /C C {x e : |x| < 1} and that JC satisfies p.4|) . then we 
have the following result whose proof can be found in Metcalfe- Sogge |22| . 
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Theorem 3.1. Let w be a solution to (|3.1f) . and suppose that the local energy decay 
bounds (|1.4|l hold for K, . Then, 



(3.2) {l + t+\x\)\L'^Z''w{t,x)\<C f f V \L^Z^F{s,y)\ 



dy ds 



•^R^\'C|^|+^<|„|+,+7 12^1 



/j<i/+i 

ft 

C 



{\v\<2) ds. 

Jo ini , ..^i„ 



\f3\+fi<\a\+u+i 
fj,<u+l 

Here and throughout {\y\ < 2} is understood to mean {y E R^\/C : \y\ < 2}. 

Additionally, we can prove the following improved pointwise bound for the gradient of 
the solution w. In this modified result, we are able to bring the gradient inside the main 
term (the first term) on the right side. 

Theorem 3.2. Let w be a solution to (|3.I() . and suppose that the local energy decay 
bounds (|1.4|) hold for IC. Suppose further that F{t,x) = when \x\ > lOt. Then, if 
\x\ < t/10 and t > 1, 

(3.3) 

il + t+\x\WZ'^w'{t,x)\<C Y f I \L^ZPF'{s,y)\^ 

fj.<u+l 



C sup (I + s) Y WL^'Z^Fis, OIloo 

|/3|+M<|a|+i/+4 

l-t<.l^ 



V 

l3\+fi<\a\+i^+7" " " |y|<(600+r)/2 



(3.4) 



The remainder of this section will be dedicated to the proof of 

The Minkowski space estimate we shall use says that if wq is a solution to the inho- 
mogeneous wave equation 

f {d^ ~ A)wo{t, x) = G{t, x), {t, a;) G R+ X 
I Wo (0, a;) = 9t Wo (0, x) = 0, 

and if G(s, y) — when \y\ > 10s, then 
(3.5) 

il + tWZ'^woit,x)\<C f [ V \L^zPG{s,y)\'^, \x\<t/lQ. 

•^*/100-^«^/3|+^<|a|+.+3 

By using sharp Huygens principle, this follows from inequality (2.3) in |14 | and the fact 
that - A, Z] = and [d^ - A, L] = 2{d^ - A). 
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Recall that we are assuming that /Cc{a;eM^ : |a;|<l}. With this in mind, the first 
step is to see that (|3.5ll yields for \x\ < t/lO 



dy ds 



(3.6) {l+t)\L''Z'^w'it,x)\ <C f f \L^'Z^F'{s 

fJ.<U+l 

+ C sup (1 + s) Yl \L^'d^w'{s,y)\. 

\y\<2fi<s<t |^|+^<|„|+^,+ i 

The proof is exactly like that of Lemma 4.2 in |14| . 

As a result of H3.6|) , we would be done if we could show that 

(3.7) sup (1 + s) •)IIl~(1.1<2) 

is controlled by the right side of H3.3|l . 

To prove this, we shall need the following 

Lemma 3.3. Suppose that w is as above. Suppose further that {df — A)w(s, y) 
F[s, y)=Oif \y\ > 10. Then, 

(3.8) (1 + t) sup |L''9"u;'(t,a;)| < C sup ^ (1 + s)\\L''d'^ F{s, ■ )\\2. 

j.<i^+\ 



' ' - - \0\+fj.<i^+\a\+3 



Proof of Lemma 13. 3t By Sobolev estimates, the left side of H3.8|) is dominated by 
(l + t) Y \\L''df'w'{t,-)Um.^^3). 



|/3|+/x<i/+|q|+2 



By exponential energy decay and elliptic regularity (see Lemma 2.8 in [221 )j there must 
be a constant c > so that this is controlled by 



(l+t) Y \\L^d^F{t, ■)\\2 + {l+t) f e-<'-'^ Y WLf'd^Fis, ■)\\2ds 

\0\+^l<u+\a\ + l •'^ |/3|+^i<i/+|q|+3 

<Csup(l + s) Y \\L''dPF{s.-)h, 

0<s<t II I I 

as desired. □ 

We also need an estimate for solutions whose forcing terms vanish near the obstacle. 
Suppose that w is as above, but now assume that {df — A)w{s,y) = F{s,y) = when 
lyl < 5. Then, write 

W = Wq + Wr 

where wq solves the boundaryless wave equation (d^ — A)wo = F with zero initial data. 
Fix r] e C^(R3) satisfying -q^x) = 1 for < 2 and 77(0;) = for > 3. If we set 
w = rjWQ + Wr, then since rjF — 0, w solves the Dirichlet-wave equation 

{d^ - A)w = G= -2V^77 • \/^wo - {Ar])wo 
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with zero initial data. This forcing term vanishes unless 2 < |a;| < 3. In this case, by 
Lemma 13.31 

(l + t) J2 sup\L''d^w'it,x)\ = il+t) J2 sup \L^'d'^w'{t,x)\ 

\f3\+fj.<\a\+iy+l l^l<2 \P\+f^<\a\+^+l l"'l<2 

<Csup {^ + s)\\L^d^G{s,-)\\2 

|/3|+/i<|a|+zy+4 

< C sup (l + s)||i^9''wo(s, •)||L~(2<|:r|<3)- 

|/3|+M<|a| + i/+5 

Thus, if we could show the following lemma, we would have that the H3.7|l is bounded 
by the right side of H3.3|l . which would complete the proof of Theorem 13.21 

Lemma 3.4. Suppose that v is a solution to the free wave equation [df — A)t) = G and 
that V has vanishing Cauchy data. Suppose further that G{t,x) ~ when \x\ > lOt. 
Then, 



dy ds 



(3.9) sup \v(t,x)\<Cy I /" , , \n'^G{s,y)\ 

f I \L^Z'^Gis,y)\^^. 

Proof of Lemma 13. 4t This lemma is a consequence of the estimate 

(3.10) \x\Ht,x)\ < \ I 1^ sup \G{s,p6)\pdpds, 

^ Jo J\r-{t-8)\ \e\ = \ 

where r = \x\. See, e.g., (2.4) in [Tl] . 

We begin by choosing a cutoff function p(x) satisfying p[x) = 1 for \x\ < 1/10 and 
p{x) = for |a;| > 1/2. Set Gi{t,x) = p{x/{l + t))Git,x) and G2it,x) = (1 - p{x/{l + 
t)))G{t, x), and for j — 1, 2, let Vj solve the inhomogeneous wave equation {df—A)vj — Gj 
with zero initial data. Then, v = vi + V2. Using H3.10|) and the Sobolev estimate on the 
sphere, we have for 2 < \x\ < 3 

\v^it,x)\<cT f I |f)"Gi(s,2/)|^^^' 



|q|<2"'0 J\\y\-(t-s)\<w \y 
<Cy. f . |f^"G(.,y)|^ 

[a|<2-^0 \v\<{l+s)/2 
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\v2{t,x)\<-^ Y: f f\L^Z'^G,{s,y)\^' 

i + ^.,^o A/100 ^ \y\ 



\a\-\-^<3 
M<1 



<^ y f I \L^Z-G{s,y)\^^. 

^ + ^ ia|t^<3 -^'/loo J\v\>ii+s)/w \y\ 



fj,<l 



Since v — vi + V2, these two estimates yield H3.9(l when t > 10|a;|. The proof of the 
estimate for vi shows that for < t < 10|x| the left side of (|3.9(l is dominated by the 
first term in the right. □ 



4. Estimates Related to the Null Condition and Sobolev-type Estimates. The 

first result of this section concerns bounds for the null forms. They must involve the 
weight (cjt — r) since we are not using the generators of Lorentz rotations. The estimates 
will involve the admissible homogeneous vector fields that we are using {F} = {Z.L}. 
The proof of these estimates can be found in Sideris-Tu [221 and Sogge |S2| ■ 

Lemma 4.1. Suppose that the quasilinear null condition ()1.9|l holds. Then, 

(4.1) I y B-'jf'^diud.dkV 

0<j,k,l<3 

< C{r)-^{\Tu\\d^v\ + \du\\dTv\) + C^^/^-^\du\\d''v\. 

{t + r) 

Also, if the semilinear null condition (|1.10|l holds 

(4.2) I J2 Ajj'd,ud,v\<C{r)-\\ru\\dv\ + \du\\rv\) + C^^^^-^ 

0<j.k<3 ^ ^' 

We shall also need the following Sobolev-type estimate. The first is an exterior domain 
analog of results of Klainerman-Sideris J7] . 

Lemma 4.2. Suppose that u{t,x) € C^(K x M'^\/C) vanishes for x G dfC. Then if 
\a\ = M and v are fixed 

(4.3) \\{t-r)L"Z'-d^u{t,-)\\2<C ^ ||L^ZV(t, • )l|2 

\l3\+ti<M+v+l 
/j<i/+l 

+ C ll(^ + 0i^^''(5'-A)^t, •)ll2 + C(l + t)^||W(i, .)IIl^(N<2)- 

|/3|+^<M+i^ 
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Proof of Lemma \4.2l The first step is to show that 

(4.4) \\{t-r)L''Z'-dMt,-)h<C \\L''Z^u'{t,-)\\2 

|/3|+Ai<A/+i/+l 

+ C \\{t + r)L'^Z^{df~A)u{t,-)h 

\p\+fi<M+i' 

+ C{l + t) Yl Ili'^SMi, OlU^d.lo/z) 

l/3|+M<M+i/+2 

If one replaces the left side by the analogous expression with the norm taken over 
|x| < 3/2 then this term is dominated by the last term in H4.4|l due to the fact that the 
coefficients of Z are bounded when \x\ < 3/2. 

To handle the part where > 3/2 we shall use the following Minkowski space estimate 

(4.5) \\{t-r)L''Z^d'h{t,-)U2^^s^<C Y •)IIl^(e3) 

\l3\+IJ.<\a\+u+l 
/j<i/+l 

+ C Y \\{t + r)L'^ZP{df-A)hit,-)\\L2^^s), 

\I3\+U.<H+^ 

which is valid for h G C^(M x M^). This estimate follows from (2.10) and Lemma 3.1 of 
Klainerman and Sideris ^7] if one uses the fact that [{df — A),Z] = and [{df — A),L] — 
2{dt - A). 

To use this, choose r] € C^(M^) so that r]{x) = for \x\ < 1 and r]{x) = 1 for |a;| > 3/2. 
Then if we let h(t,x) = ri{x)u{t,x), we have 

{d^ - A)h = ■n{x){df - A)u - 2V^ri ■ V^u - {A-q)u. 

Therefore since the last two terms are supported in \x\ < 3/2, (|4.5|) yields 

\\{t-r)L-'Z"dMt,-)\\LH\.\>3/2) < \\{t-r)L''Z^d^h{t, •)IIl2(R3) 



l/3|+M<M+i/+l 
/j<i/+l 



+ C Y \\{t + r)L^^zP{d^,^A)u{t,-)h 



\l3\+fi<M+u 



+ C{\ + t) Y •)IIl^(|.|<3/2), 

which completes the proof of (|4.4|) . 



\l3\+li<M+u+l 
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In view of this inequality, to finish the proof of the lemma we need to show that if 
1 < i? < 2 then 

(4.6) (1+i) J2 ll^^SMi, OIU^d.Kfl) 

\l3\+p.<M+u+2 

is controlled by the right hand side of 1)4. However, if 1 < i? < i?o < 2, by elliptic 
regularity this term is dominated by 

(l + t)( WdP^u(t,-)\\L^\^\<R,)+ \\L^dPdtu\t,-)U^^^,\^R) 

|/3|+p<A/+i/ \|3\+^J,<M+u 



\f3\+ti<{M-l) + u+2 



Since Lemma 2.3 from 17' yields 



\|3\+^^<M+u \p\+^l<M+v 

<C Y \L^'ZPu'\+C{t + r) Y iL^'Z'^idf - A)u\, 

\0\+tJ.<M+u+l |/3|+M<M+iy 
^<i^+l /^^^^^ 

the preceding inequality and an induction argument imply that 1)4. 6|l is dominated by the 
right hand side of (|4.3(l plus 

/3|<l,p<i/ 

where R can be taken to satisfy 3/2 < R < 2. Since d^u vanishes on dIC one can use a 
similar induction argument to see that this is also dominated by the right hand side of 
(Oil plus 

(|a;|<fli)j 

where R < Ri < 2, which finishes the proof. □ 
The next lemma is an exterior domain analog of an estimate of Hidano- Yokoyama |B] . 

Lemma 4.3. Suppose that u{t, x) <E C^(R x M^\/C) vanishes for x e dIC. Then 
(4.7) r^/^{t-r)\dL''Z''u{t,x)\<C ^ \\L^Z^u'{t, ■)\\2 

\0\+H<\a\+iy+2 

+ C J2 \\{t + r)L^^Z^'{d^-A)u{t,-)h + C{l+t)J2\\L^^'it^ •)IU==(|.|<2)- 

l/3|+;x<|a|+i/+l /J<i^ 
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Proof of Lemma 14.31 Inequality (4.2) of Hidano-Yokoyama ^ implies that in Min- 
kowski space 

(4.8) r^^^{t-r)\dL''Z°'h{t,x)\ 

<C Yl {\\L'^Z''h'{t,-)h + \\{t-r)L^Z0d'h{t,-)h). 

|/3|+M<|a|+i/+l 

If we choose r] e C^(R'^) so that ri{x) ~ for |a;| < 1 and ri{x) — 1 for \x\ > 5/4, and let 
h(t,x) = ri{x)u{t,x), then we conclude that when |a;| > 5/4, 

r^''^{t^r)\dL''Z°'u{t,x)\ 

<C {\\L^Z^/{t,-)h + \\{t~r)L^Z^dMt,-)\\2) 

\P\+tJ.<\a\ + iy+l 

+ C{l + t) Y Ili^^Mi, •)IU^(N<3/2). 

|/3|+M<|Q| + y+3 

By the Sobolev inequality, over |a;| < 5/4 the left side of (|4.7|) is bounded by a similar 
inequality involving only the last term on the right. 

If we use (4.3), we see that the second term in the right is dominated by the right side 
of (|4.7|l . If we repeat the last part of the proof of Lemma we conclude that the same 
is true for the last term in the preceding inequality. □ 

Finally, we will need the following now standard consequence of the Sobolev lemma 
(see J6 ). 

Lemma 4.4. Suppose that h e C°°{R^). Then, for R>2, 

\mL°°{R<\x\<R+l) < CR^^ Y, ^l|L2(fl-l<|a;|<fl+2)- 

\a\ + \p\<2 

5. Global Existence and the Continuity Argument. In this section, we will prove 
the main result, Theorem ll.il Wc shall take N = 101 in its smallness hypothesis Hl.ll|l . 
but this is certainly not optimal. 

To prove our global existence theorem, we shall need a standard local existence theo- 
rem. 

Theorem 5.1. Suppose that f and g are as in Theorem \l.l\ with N > 6 in (|1.11() . Then 
there is a T > so that the initial value problem (|1.5|) with this initial data has a 
solution satisfying 

ue i°°([0,r];i7^(R3\/C))nC"'i([0,r];i7^-i(R3\/C)). 

The supremum of such T is equal to the supremum of all T such that the initial value 
problem has a solution with 9"u bounded for \a\ < 2. Also, one can take T > 2 if 
ll/llff" + sufficiently small. 

This essentially follows from the local existence results Theorem 9.4 and Lemma 9.6 
in ^21- The latter were only stated for diagonal single-speed systems; however, since the 
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proof relied only on energy estimates, it extends to the multi-speed non-diagonal case if 
the symmetry assumptions (|1.8ll are satisfied. 

Next, as in ^1], in order to avoid dealing with compatibility conditions for the Cauchy 
data, it is convenient to reduce the Cauchy problem (|1.5|l to an equivalent equation with 
a nonlinear driving force but vanishing Cauchy data. We will then set up a continuity 
argument that utilizes the results of the previous three sections to show global existence 
and prove Theorem ll.il 

Recall that our smallness condition on the data is 

(5.1) J2 il < ^ >'"' 5"/IU^(K^W + E II < ^ 5"5||l^(k3\k;) < £. 

|a|<101 |q|<100 

To make the reduction to an equation with vanishing initial data, we will begin by noting 
that if the data satisfies 1)5. l|l for e sufficiently small, then we can find a solution u to 
(|1.5() on a set of the form < ct < |a;| where c — 5 max/ c/, and this solution satisfies 

(5.2) sup V II < a; >l"l a"u(t, • )\\L^(R3\ic:\x\>ct) < CqS, 

0<t<oo 

a|<101 

for an absolute constant Cq. 

To prove this, we shall repeat the argument of Keel-Smith-Sogge [TJ. By scaling in t, 
we may assume without loss that max/ c/ = 1/2. Theorem 15 . II vields a solution u to H1.5|l 
on the set < t < 2 which satisfies (|5.2f) . We wish to show that this solution extends to 
the set < ci < |a;|. To do so, let i? > 4 and consider data (//?,5i?) supported in the 
set i?/4 < \x\ < 4R which agrees with the data {f,g) on the set R/2 < \x\ < 2R. Let 
uji(t, x) satisfy the free wave equation 

Our = Q{duR,R~^cPuR) 

with Cauchy data {f]i{R-),Rgji{R-)). The solution ur then exists for < i < 1 by 
standard local existence theory (see, e.g., 7 and 31 ) and satisfies 

sup \\uii{t, OllffioMK^) < C{\\fR{R-)\\Hioi(R3) + R\\gFi.iR-)\\moo^R3)) 

0<t<l 

q|<101 |a|<100 

The smallness condition on |u^| implies that the wave speeds for the quasilinear equation 
are bounded above by 1. A domain of dependence argument shows that the solutions 
UR{R~^t, R~^x) restricted to | |a;| — i?| < -f — i agree on their overlaps, and also with the 
local solution, yielding a solution to (|1.5|l on the set {R'^\/C : 2t < \x\}. An argument 
using a partition of unity now yields (|5.2|) . 

We are now ready to set up the continuity argument. We will use the local solution u 
to allow us to restrict to the case where the Cauchy data vanish. Fix a cutoff function 
X G C°°(R) satisfying x(s) = 1 if s < ^ and x(s) = if s > i. Set 

uo{t, x) = T]{t, x)u{t, x), r]{t, x) = x{\x\~^t). 

Assuming as we may that G /C, we have that |a;| is bounded below on the complement of 
/C and the function ri[t, x) is smooth and homogeneous of degree in (i, a;). Additionally, 

Ouq = ?]Q{du, (fiu) + [□, ri]u. 
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Thus, u solves — Q{du, cPu) for < t < T if and only ii w ~ u — Uq solves 
(5.3) 



□■m = (1 - 7])Q{du, (fu) - [□, 7]]u 
w\dic = 



for < t < T. 



A key step in proving that (|5.3I) admits a global solution is to prove uniform energy 
and dispersive estimates for w on the interval of existence. First note that since uq — r]u, 
by (|5.2(l and Lemma [4.41 there is an absolute constant Ci so that 

(5.4) {l + t+\x\) J2 iL^'Z^uoit^x)] 

/i+|a|<99 

+ J2 II <i + r >l^l L^Z"5%(i, OIU < Ci£. 

At+|a| + |/3|<101 



Furthermore, if we let v be the solution of the linear equation 
(5.5) 



v\dic = 



then we will show that H5.2|) and Theorem 13. II implv that there is an absolute constant 
C2 so that 

(5.6) {l + t+\x\) J2 \L^Z''v{t,x)\+ WL^Z'^^'it, ■)h<C2e. 

ti+\a\<92 ^i+|a|<90 

Indeed, by 13.2|l . the first term on the left side of (|5.6|l is bounded by 



/7 \L^Z^p,rj]u){s,x)\ 

Jo J\x\>cs , I _ I 



dx ds 



/i+|Q|< 



Ai+|q|<96 

which by the Schwarz inequality is bounded by 



(R3\K;:|a;|<2) 



ds 



Since this is dominated by 



2(K3\K;:2J<|a;|<2J + i)- 



sup J2 II <2;>'i^Z"[n,r7]w(i, Oil 



0<t<oo 



/i+|a|<99 



one gets that the first term on the left side of ()5.6|) is 0{e) from H5.2|) and the homogeneity 
of 77. 
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For the second term on the left side of H5.(j|l , if we argue as in the proof of H2.5|l (except 
now for the hnear wave equation), we see that 



fJ.+ \a\<9Q 

fj.+ \a\<90 ti+\a\<90 



At+|a|<90 



where n is the outward normal at a given point on dIC. Since K. C {\x\ < 1}, it follows 
that 



dt J2 \\L'Z"v'{t,-)\\l 

/i+|a|<90 

<C[ J2 \\L^Z'^v'it,-)h)[ J2 \\L^Z'^Ovit^-)h 

H+\a\<90 M + |a|<90 



+ C f V ■)\''dx. 

J{.GR3\/C:|x|<l}^^|^|<g, 



Thus, since □w(s,j/) = — [□, 77]m(s, y), it follows that 



(5.7) Yl \\L^Z^v'{t,-)\\l<Cn \\L^Z'^{-[U,iiu){s,y)hds)^ 

M+1q|<90 " M+|a|<90 

+ c f Y iii^w(., .)iii.(|.|<i)ds. 

"'0 . , I i^nn 



/j+|q|<91 



The first term on the right is 0(e) by H5.2|l . Using the bound for the first term in the 
left of (|5.t)|) . it follows that the second term on the right of (|5.7|l is also 0{e) as desired. 

Using this, we are now ready to set up the continuity argument. If e > is as above, 
we shall assume that we have a solution of our equation (|1.5|) for < t < T such that we 
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have the foUowing estimates 

(5.8) \\L''Z"w'{t,-)h<Aoe 

\a\+u<52 
v<2 

(5.9) (1 + t + r) \Z°'w'{t,x)\< Aie 

|a|<40 

(5.10) (1 + t + r) Y |i"^"(u'-«)(i,2:)| < Bie2(l + t)i/i0log(2 + t) 

|a|+i^<55 

(5.11) I|5"^'(^. ■)ll2<i?2e(l+t)^/'° 

|q|<100 

(5.12) Y WZ"u'{t,-)h<B^e{l + t)^/^° 

\a\+v<Gb 
v<A 

(5.13) Y m-''^L^Z^u'\\L2i^s,)<B^e{l + tf'^\\og{2 + t)f^ 

q| + i/<63 

Here, as before, the norms are taken over R'^\/C and the weighted L^L'^ norms are 
taken over St = [0, i] x E^\/C. In the main estimates (|5.8|l and (|5.9|) . we can take 
Ai^ = Ai = 46*2, where C2 is the constant occurring in the bounds H5.6|l for v. 

Clearly if e is small then all of these estimates are valid, if T = 2, by Theorem 15.11 
Keeping this in mind, we shall then prove that, for e > smaller than some number 
depending on £?i, . . . , ^4, 

i.) (|5.8|l is valid with Aq replaced by Aq/2. 

ii.) Under the assumption of (i.), that H5.9|l is valid with Ai replaced by A\j2. 
iii.) (|5.10|I - H5.13|) are consequences of (|5.8f) and H5.9|) for suitable constants Bi. 

By the local existence theorem, it will follow that a solutions exists for alH > if e is 
small enough. 

Before we begin the proof of (i.), we will set up some preliminary results under the 
assumption of (|5.8|) - H5.13|) . That is, we wish to show that 

(5.14) r^l'^{t-r)\UZ°'v!{t,x)\ <Ce{\+tfl'^''\o'g{2^t) 
and 

(5.15) \\{t^r)V'Z''Uu{t, OIU <Ce(l + 0^/20 jQg(2 + i) 

for V <2 and laj + < 63. Notice that the first follows from the second by (|4.7() . (|5.4|l . 
H5.6() . (|5.10() . and H5.12() . For H5.15|l . we expand Uu according to H1.7() to see that the left 
side is dominated by 

|((i + r) Y i^'^^v(t, •)!) Y \^'z-v;{i.,-)\\^. 

|c(|+/i<32 |a|+/i<64 
M<2 M<2 

By (|5.1U|) and H5.12|l . this is easily seen to be bounded by the right side of H5.15|l as 
desired. 
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Since \0{w — v)\ < C\Ou\, it is clear that the same proof also yields 



(5.16) r^/^{t-r)\L''Z"{w-vy{t,x)\ < Ce(l + t)'^/20 log(2 + t). 



Let's begin with (i.). Since v satisfies the better bound 1)5. 6|1 . it suffices to show 



(5.17) 



|a| + i/<52 



\\L'^Z'^iw-vnt,-)\\l<Ce' 



By the standard energy integral method (see, e.g., Sogge p. 12), we have that the 
left side of (|5.17(l is bounded by 



C V / / (doL''Z''{w-v),aL''Z''{w-v) 



dy ds 



u<2 



^ dQL''Z"{w-v)daL''Z°'{w-v)nada ds 



v<1 



where n — {n\, ni,n-^ is the outward normal at a given point on 9/C and ( • , • ) is the 
standard Euclidean inner product on . Since K, C < 1} and since \U' Z'^(w — 
vy{t, x)\ < CJ2\/3\<\a\ ti<u \L^d^{w ~ w)'(t, x)\ for x G dJC, we have that the last term is 
bounded by 



C 



f I V \L''d^{w-v)\s,y)\'dyds. 

Jo J{xeM3\K::\x\<i} , ..^^^ 



|a|+i^<53 
i/<2 



Since we also have that [0,L] — 2D and [D,Z] — and that D[w — v) = (1 — ri)Du 
(1 — ri)Q{du, d'^u), we see that the left side of (I5.17f) is thus controlled by 



^1 (I] doL^Z^iw-v), V L''Z''Q{du,d^u) 

/O ^R^\kI\|„|+^<52 |a|+.<52 



dy ds 



u<2 



u<2 



CI J2 \L''d''{w^vy{s,y)\Uyds. 



v<2 
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By (|1.7|) . this is dominated by: 



(5.18) cf[ \J2 E doL'^Z^i^-v)^ E ^ka'"' E ^'^''^^ 

Jo JR-i\K. j^^^ |q| + i/<52 0<i,A;,i<3 |q| + i/<52 

X E djdkL''Z°'u^ dyds 

\a\+u<52 

+ cf I IE E doL'^z-{w~v)'' E ^^-i' E 5,^''^"-^ 



v<2 



0<j,k<3 \a\+u<52 
u<2 



K 



|a|+i/<52 
i/<2 



ds 



C 



E E E \L''Z'^du'\ 

JR^\A: |q|+i/<52 
(I,K)^(K,J) u<2 



a|+i/<52 
i/<2 



|q:|+1/<53 

iy<2 



C 



V \L''d"{w-vy{s,y)\'^ dyds. 

J{.;eR3\/C:|:.|<l} |„| + ^<53 
u<2 



The first two terms in (|5.18|l satisfy the bounds of Lemma lTTI The third term involves 
interactions between waves of different speeds. 

When dealing with the first three terms of (|5.18|) . depending on the linear estimates 
we shall employ, at times we shall use certain and bounds for u while at other 
times, we shall use them for w — v. Since u = {w — v) + v + uq and uq, v satisfy the 
bounds (|5.4|l . (15.611 respectively, it will always be the case that bounds for w — v will imply 
those for u and vice versa. 

Let us first handle the null terms. By (|4.1|1 and H4.2|l . the first two terms in H5.18|l are 
controlled by 



(5.19) C 



f I E E \L'Z-u'\ E \L^Z-{w-v)'\^^ 

Jo |a|+/i<54 |a|+M<54 |a|+M<52 

/j,<3 /^^S A''^2 

Et^I^ E \L^Z-diw~v)\( E iL'-Z-dulfdyds 

M<2 M<2 
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To handle the contribution of the first term of H5.19|l . notice that by (|5.4fl . ()5.6|) . and 
(I5.1U|I we have 

^ |L^Z«zi(s, y)\ < Ce{s + \y\)-^'^^ log(2 + 

a|+M<54 
/i<3 

which means that the first term of (|5.19|l has a contribution to (|5.18|) which is dominated 

by 



|q|+Ai<54 
M<3 



\\{y)-'/^L^Z'^iw-vns,y)\Ud3 



q|+P<52 
^t<2 



by the Schwarz inequahty. Thus, if we again apply the Schwarz inequality and H5.13|l . we 
see that this contribution is 0{e^). 

We now want to show that the second term of (|5.19|l satisfies a similar bound. If we 
apply H5.16|l . we see that the second term of H5.19|l is controlled by 

(5.20) Ce f\l + sf/''^\og{2 + s) f ] ^ Z'^ du\^ dy ds 

- f afswf^o E iii^^""'(^.-)lli.(i,i>./2)rf^ 

•^0 |a|+^<53 

+ C£ Al + 5)3/20 log(2 + s) / \L''Z-u'{s,y)\Uyds. 

/j<2 

The first term on the right of H5.20|l is clearly 0{e^) by H5.12|l . For the second term on 
the right of (|5.20() . we apply H5.14|l to control it as follows 

lo n< E \L^Z-u'is,y)\dyds. 

Jo JR^\K, \y\<s/2 ja|+p<53 

fj.<2 

Thus, if S is sufficiently small, the Schwarz inequality and (|5.12|) show that this term is 
also 0{e^). This concludes the proof that the contribution of the null forms enjoys an 
0{e^) bound. 

We now wish to show that the multi-speed terms 

(5.21) f f Y \dL''Z"{w~v)^\ Y IdL'^Z'^u^l ^ \^L^' Z^u'^ldyds 

Ja Jm3\K |q|_(_^<52 |q|+m<52 |q|+p<53 

fi<2 fi,<2 n<2 

with (/, K) 7^ {K, J) have the same contribution to (|5.18|) . For simplicity, let us assume 
that I ^ K , I = J . A symmetric argument will yield the same bound for the remaining 
cases. If we set S < \ci — ck\/2, it follows that {|?;| e [(1 — S)cis, (1 + (5)c/s]} n {\y\ £ 



22 



JASON METCALFE, MAKOTO NAKAMURA, AND CHRISTOPHER D. SOGGE 



[(1 — 6)cfcs, (1 + 6)cxs]} = 0. Thus, it will suffice to show the bound when the spatial 
integral is taken over the complements each of these sets separately. We will show the 
bound over {\y\ ^ [(1 — 6)cks, (1 + S)cks]}. The same argument will symmetrically yield 
the bound over the other set. 

If we apply H5.15|l . we see that over {\y\ ^ [(1 — S)cxs, (1 + ^)c/f s]} (|5.21|) is bounded 

by 

(5.22) sf'^f^f 4j, ^ IdL^Z'^u^dyds. 

^^<2 

Arguing as above, it is easy to see that these multiple speed terms are also 0{£^). 

Finally, we need to show that the last term in H5.18|l enjoys an 0{e'^) contribution. 
This is clear, however, since this term is bounded by 



f \\L'd-{^-v)' 



a|+M<53 

^l<2 



An application of (|5.10l) yields the desired bounds and completes the proof of (i.). 

We are now ready to prove (ii). That is, we want to show that we can prove (|5.9|) with 
Ai replaced by v4i/2. In view of the bounds (|5.6|l . we see that it suffices to prove 

(5.23) (1 + i + r) l^"(w-f)'(t,a;)| < Ce3/2. 

|a|<40 

The estimate is straightforward when \x\ > t/10. For then if we use Lemma |4.4I and 
(|CT7|) . we get 

(1 + t+N) Y \Z''{^-vnt,x)\<C Y \\Z''{w-vnt,-)h 

(5.24) |a|<40 |q|<42 

< Ce^/^, \x\ > t/10. 

On account of this we only need to estimate the left side of H5.23|l when \x\ < t/10. 
Notice that n[w — v) = (1 — ri)Q{du, d^u) vanishes when \x\ > lOt. Thus, we can apply 
(|3.3|) to conclude that when \x\ < t/10, the left side of H5.23|l is dominated by 

dy ds 



J2 f [ \L^Z('d[{l-rj)Qidu,d'u)]\ 

|/3|+M<43-^*/100-^ 1^1 
fj.<l 

+C sup (1 + s) J2 \\Z^'[il~v)Qidu,d^u)]is, ■)\\ 



0<s<t |^|<44 



+C sup (l + .) E ^^J^,_^_^,^jZ^[(l-,)Q(du,d^.)](r,,)|^ 

- - |/3|<47-^° |y|<(600+r)/2 

+C sup V r [ \L^^Z^[{l-r^)Q{du,d'u)]{T,y)\dydT 

0<s<t|^|^^<4g f + S^0 ^|!y|>(l+r)/10 



I + 11 + III + IV. 
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Terms // and IV are the easiest to handle. Since u = {w — v) + v + uq, by using 
(|CT|) . lf^ . and (EUni), one finds that // is O(e^). Additionally, since lfCT|) . and 
(EH) yield 

^ ||L^zV(t, •)||2<Ce, 

|^|+Ai<49 
/j<l 

we can conclude that IV is also 0(£^). 
Similar considerations imply that 

(5.25) I< f f E + 

it/100 ilyl<s/2 |^|_^^^<43 \y\ 
fj.<l 

since = 0{l/t) when |?;| > s/2 and t/100 < s < t and since drj — 0{l/t) when 

t/100 < s < t. The first term on the right side of H5.25|l is dominated by 

(5.26) r / E |rV2(.-r>L^zV| ^ - ^1^2 " 

it/100 i|y|<./2|^|^^<44 |/3|+^<44 1^1^ 

If we apply Lemma [4.41 and 1)4. we see that 

(5.27) E \r{s-r)Lt'Zl^u"is,y)\<Ce{l + sf/^°\og{2 + s) 

/3|<44 
^<1 

by H5.4|l . H5.6|l . H5.8|l . and H5.15(l . Thus, it follows that l|5.26(l . and hence /, is also O(e^) 
using (|^TT^ and lf^?77jl . 

It remains to estimate ///. If we use (|4.7|) . we conclude that on the region of integration 
(5.28) 

\P\<48 

E l|i^W(r, •)l|2+ E IK^ + ^)^''°"(^'-)ll2 + (l + ^)ll«'(^'-)llc 

\0\+fj.<5O l/3|<49 



c 

< 



£+ E \\{r + r)Z('au{T, ■)h 

|/3|<49 



using (E3I),(E!ni),EHl), and in the last step. If < 49 

{T + r)\Z^auiT,y)\< J2 |^V(r,y)| X ((r + r) ^ |ZV(r,y)|), 

|7|<50 |7|<25 

which by the low energy estimate H5.8|) and the low dispersive estimate (|5.9|l gives 
\\{T + r)Z^au{T, ■ )\\2<Cesnp{T + r) ^ |Z^u'(t, j/)| < Ce^. 

^ |7|<25 
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Combining this with H5.28|l and recaUing that (1 — ri{T,y)) = for \y\ > lOr, we get 
(5.29) III <Ce^ sup (l + s) [ [ (—^YrdrdT<Ce^ 

0<s<t Js/100 J\r-(s-T)\<10^r ' T / 

which completes the proof of (ii.). 

To complete the proof of Theorem II. 11 we need to show how ()5.8|l . (|5.9fl imply (|5.1U|) - 

Since (|5.9|) has been established, the remainder of the argument follows nearly verbatim 
from the arguments of |221- For completeness, we will sketch the argument here. We begin 
by using the above facts to prove H5.11|l . With notation as in §1-2, D^tt = B{du) with 



0<l<3 
1<K<D 

By (|5.9|l . we have 

h'{s,-)\u< 



l + s 



Let us first show the estimates for the energy of d^u for j < M < 100. We shall use 
induction on M. 

We first notice that by 12.5|l and H5.9|l we have 
(5.30) d,Eli\u)it)<Cj2\\D^diuit,-)h + ^Eli'ium. 

Note that for M = 1, 2, . . . 
Y,P,diu\<c[Y.\dlu'\+ ^ \did'u\) 

j<M j<M j<M-l |q|<40 

+ c J2 E 

q|<A/-40 41<|q|<M/2 
j<M j<M-l |a|<A/-40 41<|a|<Af/2 

by (|5.9|l and (|5.4|l . Also, if we use elliptic regularity and repeat this argument, we get 
J2 \\dldMt,-)h<CY\\diu'it,-)h + C J2 \\diau{t,-)h 

j<M-l j<M j<M-l 

<cY\\di^'it'-)h + Y—t E \\dldMt,-)\\2 

j<M j<A/-l 

+ c Yl lia^U •)9V(t, .)ll2. 

\a\<M-41,\0\<M/2 
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If e is small, we can absorb the second to last term into the left side of the preceding 
inequality. Therefore, if we combine the last two inequalities, we conclude that 

+ c Wu'{t,-)d^u'{t,-)h. 

|Q|<Af-40,|/3|<Af/2 

If we combine this with H5.30|l we get that for small e > 

(5.31) d,E'^^\u){t)<^^Ey,\u){t) + C ^^^(t, .)l|2, 

|Q|<Af-40,|/3|<Af/2 

since when s is small, ^El{^{u){t) < J2j<M Wdiu'it, • )I|2 < 2i?]J,j^(M)(<). 

For M < 52, the energy estimate H5.11|l follows from (|5.8|l . When AI > 52 we have to 
deal with the last term in (|5.31|) . To do this wc first note that by Lemma [4.41 we have 

Y \\d"u'{t,-)d^u\t,-)h<C Y \\{x)-'/^z'^u'{t,-)\\l 

|a|<A/-40,|/3|<A//2 |7|<max(A/-38,2+M/2) 

which means that for 40 < A/ < 100, (|5.31|l . (|5.1|l . and Gronwall's inequality yield 

(5.32) Eli\um<C{l + tf^[e+ ^ II (^>"'/'^""'lli^(s.) 

|a|<max(A/-38,2+A//2) 

if, as before, St = [0,t] x R^\JC. 

If we use ()5.8|) and H5.32|l along with a simple induction argument we conclude that 
we would have the desired bounds 

(5.33) <o^(u)(t)<C£(l+t)^-+- 
for arbitrarily small cr > if we apply the following lemma. 

Lemma 5.2. Under the above assumptions, if M < 100 — 8/i, /i < 4, and 

(5.34) J2 l|iW(t, 0112+ J2 ll(a^)-'/'iW|U.(s,) 

|a|+i^<M |a|+y<M-3 
|a|+i/<M-4 \a\+iy<M-6 

with (7 > 0, then there is a constant C so that 

(5.35) m-'^'L'^d^u'\\r^.^s,^+ ^ \\L'^Z"u'{t, ■)h 

|a|+zy<Af-2 |a|+zy<Af-3 



Y \\{x)-'/^L''Z'^u'h2^s,)<C'e{l + tf'-+^'^. 



\a\-\-iy<M-5 
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The proof of this lemma can be found in j22| . 

By eniptic regularity and (|5.33() . we get (|5.11l) . Also, from Lemma IF?^ we get 

(5.36) J2 m-'^'d'^w'h.f^s.)+ J2 \\Z'^w'{t,-)h 

a|<98 |a|<97 

\a\<95 

since the same sort of bounds hold when w is replaced by u. 

Here and in what follows a denotes a small constant that must be taken to be larger 
and larger at each occurrence. Note that in terms of the number of Z derivatives (|5.35l) 
is considerably stronger than the variants of H5.12|l and 15.13|l where one just takes the 
terms with v = Q. This is because just as there is a loss of derivatives in going from 
(|5.11|) to (|5.3t)|) , there will also be a loss of derivatives in going from bounds for terms 
of the form WZ'^v! to those of the form V^'^Z'^v! . 

The proof of the estimates involving powers of L is a bit more complicated, but still 
follows the strategy above. First we will estimate L'^d°'u' in when a is small using 
l|5.9|) . Then we shall estimate the remaining parts of (|5.12|) and H5.13|l using Lemma[^| 

The main part of the next step is to show that 

(5.37) J2 \\L^d"u'{t, ■)\\2 <Ce{l + tf'+''. 

|al+M<92 

For this we shall want to use H2.8|l . We must first establish appropriate versions of 
for No + iyo< 92, i^o = 1. For this we note that for M < 92 

J2 {\L^'dlD^u\ + \[L^di,a-a,]u\) 

j+li<M 

fj.<l 

j<M-l j<M-2 \a\<40 

+ C \Ld''u'\ Id^u'l + C ^ \d"u'\ 

|a|<Af-41 \a\<M \a\<M |Q|<max(J\//2,Af-40) 

By this, H5.9() . and elliptic regularity, we get that for M < 92 

J2 (lli'^A'nWi, •)ll2 + l|[i''5,^□-□X^, Olb) <^ E \\L'dlu'it,-)\\, 

j+l-i<M j+fi<M 
fj.<l p<l 

+ c J2 \\{^)-'^'Ld'^u'it,-)h E m-'/'z-u'it,-)h 

|a|<M-41 |c(|<94 

+ c Y m-'^'z^'u\t,-)\\i 

Q|<max(M,2+Af/2) 
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Based on this if e is small then (|2.7|l holds with 8 — Ce and 

|Q|<Af-41 |q|<94 

Therefore since the conditions on the data give / e^iL" dlu)[^ ^ x) dx < Ce^ if j^ + j < 100 
it follows from and lfOS|l that for M < 92 



(5.38) 

^ \\L^d'^u'{t,-)h<Csil + tf^+^ + Cil + tf^ ^ \\{x)-'/'Ld'^u'\\l.^s.^ 



|a|+Ai<M |a|<A/-41 
/i<l 



Cil + tf f E \\d''u'{s,-)\\LH\.\<i)ds. 



|q|<A/+1 

If we apply H2.13|l and (|5.4|l we get that the last integral is dominated by e log(2 + 1) plus 

ct 



E r(rii9"n^T, .)iiL^(ii.i-(s-.)i<io)rfr)ds. 



Q|<Af + l 



a|<A/+2 ' 

By ()5.4() if we replace w by uq then the analog of the last term is 0(elog(2 + t)). We 
therefore conclude that 



E / •)llL^(|.|<i)rfs<Celog(2 + i) 

+ E ^ l|9"nu(r, •)IU2(||r.|-(.-r)|<10)rfT) ds. 



|q|<A'/+1 



q|<A/+2 

Since 

E |5"n^.|<C E E 

|ctj<Af+2 |a|<A/+3 |a|<(Af+3)/2 

an application of Lemma 14.41 yields 

'^'\\l2(\\x\-(s-t)\<20)i 

\a\<M+2 \a\<95 

since (3 + M)/2 < 95if Af < 92. Since the sets {(t,x) : ||x|-(j-T)| < 20}, j = 0,1,2,... 
have finite overlap, we conclude that for M < 92 

ct 



{x)-'/'Z-u'\\h^s.^ 



E / \\d''u'{s,-)\\m\x\^i)ds<Ce\og{2 + t) + cY I 

|«|<A/+1 ° |ct|<95 

< Ceil + tf''+'' . 

Therefore, by l|5.38|l we have that 

E \\L'^d"u'{t,-)h<Ce{l + tf'+'^ + C{l + tf' E Wi^y'^'Ld^^'Wms, 

\a\+fj.<M |a|<A'/-41 
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This gives the desired bounds when M < 40. 

If we now use induction and Lemma [5. 21 we get H5.37|l as well as 

(5.39) ll(a;)-'/'iW|U.(s,)+ E WL'Z-u'it,-)]], 

a|+^<90 |a|+M<89 
/i<l p,<l 



Ce+Ca- 



|a|+/j<87 
A»<1 



If we repeat this argument we can estimate L^Z^u' , L^Z'^u', and L'^Z°'u' for appro- 
priate Z". Using (|5.37() . H5.39|l . and the last argument gives 

E •)ll2+ E IIM-'/'iW|U.(5,)+ E \\L'Z-u'{t,-)h 



|a|+M<84 \a\+^l<82 |q|+/j<81 

^^<2 fi<2 fj,<2 



Cz+Ca 



|q|+Ai<79 
ii<2 

Then using the estimates for L^^Z^u', /i < 2 we can argue as above to get 

Y •)ll2+ E ll(:^>-'/'iW|U.(5,)+ E \\L^Z'^u'{t,-)h 



|a|+^<76 \a\+fi<74: |a|+^<73 

/j.<3 M^3 



5] |l(x)-V2L.W||^,(^^)<C£(l + i) 



\a\+fj.<n 
IJ.<3 



Similarly, using the estimates for L^Z^u' for /i < 3 we finally get 

J2 •)ll2+ E m-'^'L^d"u'h.^s.^+ J2 \\L^Z'^u'{t,-)h 



|a|+/j<68 |a|+/i<66 \a\+fi<65 

A»<4 M<2 A'<4 



5] ||(x)-i/2L^ZV|U.(s,)<C£(1 + 



Ce+Co- 



|q|+M<63 

If we combine this with our earlier bounds, we conclude that H5.12|l and (|5.13|l must be 
valid. 

It remains to prove H5.10|l . This is straightforward. If we use Theorem 13.11 we find 
that its left side is dominated by the square of that of (|5.13|) . Hence (|5.13|l implies (|5.1U|) 
which completes the proof. 
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